We show that polynomial time randomness of a real number does not depend on the choice of a base for representing it. Our main tool is an 'almost Lipschitz' condition that we show for the cumulative distribution function associated to martingales with the savings property. Based on a result of Schnorr, we prove that for any base r, n · log 2 n-randomness in base r implies normality in base r, and that n 4 -randomness in base r implies absolute normality. Our methods yield a construction of an absolutely normal real number which is computable in polynomial time.
Introduction
Algorithmic randomness notions are usually defined not for real numbers, but for their digit representations with respect to a fixed base. The corresponding test definitions, such as Martin-Löf tests and computable martingales, are given relative to a fixed finite alphabet, usually the binary alphabet {0, 1}. Thus definitions of randomness are given for binary sequences.
From a mathematical point of view, the primary objects of interest are real numbers. So it is customary to talk about random reals (no matter what the randomness notion is), though we always think of them as binary sequences. All known notions of randomness R can be adapted to any finite alphabet {0, . . . , r − 1} (r ≥ 2). So it makes sense to ask: what happens if we change the base for representing a real? Is the real always random in the given sense, independently of the base for representing it? More formally, we ask whether R is base invariant in the following sense:
if X and Y are infinite sequences over different alphabets that denote the same real, then X satisfies R iff Y satisfies R.
A base is any natural number greater than 1. For a base r, let Σ r = {0, . . . , r − 1}. Randomness notions formalize, in one way or another, the intuitive idea of lack of patterns recognizable in an effective way. For weak notions of randomness, the property of base invariance can easily fail. Let us discuss some examples.
For finite strings σ and τ over the alphabet Σ r , we define occ σ (τ ) as the number of occurrences of σ in τ , that is 
where τ (i) denotes the (i + 1)-th symbol of τ , starting from the left, and · · denotes the concatenation of strings. Consider the law of large numbers as a very weak randomness notion. While this concept is too weak to qualify for randomness, it still captures some statistical properties that random sequences must have. An infinite sequence Z over the alphabet Σ r satisfies the law of large numbers if any symbol in Z is equiprobable, that is, for any symbol b ∈ Σ r we have A stronger notion (but still too weak to qualify as a randomness notion) is Borel normality [7] . An infinite sequence Z over the alphabet Σ r is normal in base r if it satisfies a general form of the law of large numbers: each string of length n occurs in Z with limit relative frequency equal to r −n . Formally, Z is normal in base r if lim n occ σ (Z n ) n = 1 r |σ | for all finite strings σ over the alphabet Σ r . A well-known example of a normal sequence is Champernowne's [11] . It is obtained by concatenating all natural numbers in base 10, one after the other:
Analogously, one can define Champernowne's sequences in any base r by concatenating all the natural numbers represented in base r. As expected, one ends up with a sequence which is normal in base r. For the specific case of the sequence X defined in (2) , it is unknown if its normality is base invariant. That is, let x be the real which in base 10 is represented as 0.X, and in base s is represented as 0.Y (for some infinite sequence over Σ s ). It is unknown whether Y is always normal in base s, provided s is not a power of 10. The same applies if one considers Champernowne's sequence relative to a base r other than 10. However, it is known that the notion of normality is not base invariant [20] . We discuss a still stronger concept which, in contrast to the examples above, is defined directly for reals. A real x is absolutely normal if the following holds for any base r: if the representation in base r of the value x − x is 0.X (for X an infinite sequence over Σ r ), then X is normal in base r. Of course this definition (transferred to sequences instead of reals) is trivially base invariant.
Although it is conjectured that irrationals such as π , e and √ 2 are absolutely normal, their normality has not been proved even for a single base. For now, all examples of absolutely normal numbers are artificial in that they have been specially introduced in order to prove their absolute normality. In [4] and [5] algorithms for constructing absolutely normal numbers are introduced, based on Sierpiński's [23] and Turing's [26] works, respectively. In both cases, the constructions are non-feasible. Recently, Becher, Heiber and Slaman [6] on the one hand, and Lutz and Mayordomo [17] on the other gave polynomial time constructions of absolutely normal numbers.
Let us move on to notions of randomness which are stronger and more robust than the aforementioned concepts. Robustness implies base invariance under base change. However, every notion so far required an ad-hoc proof of this fact.
Martin-Löf [18] Schnorr [21] gave a characterization of Martin-Löf randomness based on K, the prefix Kolmogorov complexity: X is Martin-Löf random iff all its prefixes are algorithmically incompressible. In formal terms, for an infinite sequence X over the alphabet Σ r , X is Martin-Löf random in base r iff there is a constant c such that for all n, K(X n ) > n − c. Here K is the prefix Kolmogorov complexity based on Turing machines over the alphabet Σ r .
Calude and Jürgensen [10] showed that Martin-Löf randomness is base invariant via Martin-Löf tests, and Staiger [25] later gave a straightforward proof based on Schnorr's characterization via K. A completely different approach is the one followed by Hertling and Weihrauch [13] . Here a topological concept of randomness is given directly for reals (instead of representations of them), and then it is shown that this notion coincides with the classical definition of Martin-Löf randomness.
On the other hand, Brattka, Miller and Nies [8] showed results of the form: an infinite sequence Z over the alphabet {0, 1} is random according to the notion R iff each function in a given class (depending on R) is differentiable at the real which in base 2 is represented as 0.Z. One of the R-notions they considered is that of computable randomness. Roughly, a sequence Z over the alphabet Σ r is computably random [21, 22] if no computable betting strategy can succeed on Z. Here 'succeeding' means to gain, following the strategy, unbounded capital along Z by predicting the (n + 1)-th symbol of Z, having the information of all the preceding n symbols of Z. The notion of a betting strategy is formalized by martingales (see Sect. 2 for the formal definition of computable randomness). The class of Martin-Löf random sequences is strictly contained in the class of computably random sequences. Brattka, Miller and Nies showed that an infinite binary sequence Z is computably random iff each computable nondecreasing function is differentiable at the real that is represented by 0.Z in base 2. Their methods show base invariance for computable randomness, grounded on a correspondence between martingales and nondecreasing functions (see Sect. 5 for more details).
Unlike Martin-Löf randomness, computable randomness can be naturally adapted to the resource (in particular, time) bounded setting. A sequence Z is t (n)-random if no rational valued martingale computable in time O(t (n)) succeeds on Z. (By a result of Schnorr, restricting to rational values is immaterial.) We say that Z is polynomial time random if Z is n c -random for every c, that is, no polynomial time martingale succeeds on Z. Polynomial time random sequences have been studied for instance in [3] , where some connections to Lutz's polynomial time bounded measure [15, 16] and polynomial genericity [1, 2] are discussed.
We discuss some examples showing the relevance of polynomial time randomness. Applied fields such as cryptography rely on pseudo-random generators, which produce a sequence of bits, yet the rule is hidden. The quality of such pseudo-random sequences is measured by comparing them to benchmark "truly random" sequences, and actually it suffices to take polynomial time random sequences. More generally, it turns out that for most practical applications, the notion of polynomial time randomness is sufficient, even though it is much weaker than computable randomness.
On the mathematical side, an informal notion of randomness for sequences of bits has been used in an essential way in work of Green and Tao [12] showing that the set of primes has arbitrarily long arithmetic progressions. Inspecting their proofs, one finds that, again, polynomial time randomness suffices.
Our main result is Theorem 14, which states that polynomial time randomness is base invariant (Sect. 6). To do this, we first need to state resource bounded versions of some known results about martingales (Sect. 2); in particular we study how to construct in an efficient way a betting strategy that does not make the capital grow too quickly. Then we study an efficient method for approximating the problem of base conversion for rationals (Sect. 4).
The key idea of the proof is to introduce a feasible version of the methods from effective analysis to prove base invariance for computable randomness [8] . In this way we convert a polynomial time betting strategy in a certain base into a polynomial time betting strategy in another base (Sect. 5).
Finally, using a result of Schnorr relating polynomial martingales with normal numbers, we give a polynomial construction of an absolutely normal real (Sect. 7).
Preliminaries
A rational in base r is a rational number with finite representation in base r, i.e. a rational of the form z · r −n , for some z ∈ Z and n ∈ N. Let Rat r be the set of rationals in base r and let Rat ≥0 r be the set of non-negative rationals in base r. R and R ≥0 is the set of reals and non-negative reals respectively.
We denote Σ * r , Σ n r and Σ ω r the set of finite strings, strings of length n, and infinite sequences over the alphabet Σ r , respectively. If σ, τ ∈ Σ * r then σ τ is the concatenation of σ and τ , |σ | denotes the length of σ , and for i ∈ {0, . . . , |σ | − 1}, the (i + 1)-th symbol of σ is denoted σ (i). We use the same notation in case σ ∈ Σ ∞ r . By σ τ we denote that σ is a prefix of τ , and by σ ≺ τ we denote that σ is a strict prefix of τ . We use the same notation in case τ ∈ Σ ω r . We define [σ ] = {X ∈ Σ ω r : σ ≺ X}. For X ∈ Σ ω r we denote X n the string formed by the first n symbols of X, that is,
We represent q ∈ Rat r by the pair σ, τ , where σ and τ are strings in Σ * r representing the integer and fractional part of q, respectively. If p, q ∈ Rat r have both length n then p + q can be calculated in time O(n), and p · q can be calculated in time O(n · log 2 n). Also, if z ∈ Z has length m then p · r z can be calculated in time
If σ ∈ Σ * r then 0.σ r represents the rational in [0, 1] whose representation in base r is 0.σ , i.e.
If Z ∈ Σ ω r , then 0.Z r represents the real in [0, 1] whose expansion in base r is Z, i.e.
0.Z
The letter t will always denote a time bound such that t (n) ≥ n.
for all σ ∈ Σ * r . A martingale is a supermartingale where we turn the inequality of Eq. (3) into an equality. M is a t (n)-martingale in base r if M is Rat ≥0 r -valued and M is computable in deterministic time O(t (n)).
We say that M succeeds on
r is polynomial time random in base r if for all c ≥ 1, no n cmartingale in base r succeeds on Z.
Since we cannot process real numbers directly, we will approximate them.
Definition 2 Let
M : Σ * r → R ≥0 . A computable function M : Σ * r × N → Rat ≥0 r such that | M(σ, i) − M(σ )| ≤ r −i is called a computable approximation of M. The complexity of M on argument (σ, i) is measured in |σ | + i. A t (n)-computable ap- proximation
is a computable approximation which is computable in deterministic time O(t (n)).
The following result is a generalization of [3, Lemma 2.1] to any base. It states that any real-valued supermartingale M which has a computable approximation M can be transformed into a Rat r -valued supermartingale which succeeds on all the points M succeeds on, and has the same time complexity as M.
Lemma 3 If M is a supermartingale in base r with a t (n)-computable approximation then there is a t (n)-supermartingale N in base r such that N ≥ M.
Proof Let M be a t (n)-computable approximation of M. Let N be the supermartingale defined as follows:
N is a supermartingale in base r because
Working in base r, the calculation of
The following result is a generalization of [19, Proposition 7.1.6], due to Schnorr, to any base, together with an analysis of the time complexity. Roughly speaking, it says that one can dominate a computable Rat r -valued supermartingale by a computable Rat r -valued martingale with a linear loss in time complexity.
Lemma 4 For every t (n)-supermartingale M in base r there is an
which is a non-negative rational in base r. Define
which also is rational in base r. It is clear that N ≥ M. We verify the martingale condition:
The Time Bounded Savings Property
In general, if M is a supermartingale in base r then M(σ ) ≤ M(∅) · r |σ | for any σ ∈ Σ * r . This upper bound can, in fact, be reached for prefixes of a given sequence. For instance
is a martingale in base r and M(0 n ) = r n for any n ≥ 0. So in general the capital that the player has following the strategy induced by M can rise (and drop) very fast. We will need to work with supermartingales that keep the player from increasing his capital very quickly. We say that a supermartingale M in base r has the savings property if there is
. While a general supermartingale M(σ ) can grow exponentially in the length of σ , one with the savings property can only grow linearly.
Proposition 5 Suppose M is a supermartingale in base r with the savings property via c. Then for all
Proof We proceed by induction on the length of σ . For σ = ∅ it is straightforward. For the inductive step,
This concludes the proof.
The following result on savings property is folklore for the case of computable martingales (for a published reference, see [8] ). Here we give a time bounded version.
Lemma 6 (Time bounded savings property) For each t (n)-[super]martingale L in base r there is an n · t (n)-[super]martingale M in base r which has the savings property and succeeds on all the sequences that
and L succeeds on the same sequences as L. Then without loss of generality we assume that
It can be shown by induction on the length of σ that both E and G are Rat ≥0 r -valued, and that
martingale in base r with the savings property via r.
Both E and G (and hence M) have a recursive definition. To calculate the complexity bound for computing M(σ ), we first unravel the definitions of E(σ ) and G(σ ). To do so, we need to identify the prefixesσ b of σ where α b (σ ) > r.
Let σ ∈ Σ n r and let I σ be the sequence i 1 < · · · < i k σ such that i j is the length of the j -th prefixσ b of σ which makes α b (σ ) go beyond r. More formally, I σ is the maximal sequence i 1 < · · · < i k σ such that for all j = 1, . . . , k σ we have 0 ≤ i j < n and α σ (i j ) (σ i j ) > r.
On the other hand,
This concludes the proof of Fact 7.
Base Conversion with Small Error
Given arbitrarily long prefixes of the fractional expansion of a given real in base s does not allow us to effectively determine a prefix of the fractional expansion of the same real represented in base r. Indeed, there are bases s and r for which there is no functional Γ :
, which is also a contradiction. Hence in this case we are unable to effectively determine the first bit of Y .
However, we can approximate a rational in base s with a rational in base r within a given error. For τ ∈ Σ * s and i ∈ N, let bc − s,r (τ, i) be the string σ in Σ * r of minimal length such that
and let bc 
Furthermore, the length of each σ n i increases with n. This function h can be seen as a non-deterministic (more precisely, two-valued) conversion from reals in base r to reals in base s.
Observe 
Martingales and Base Conversion
In this section we follow [8] . In Sect. 5.1 we introduce the background needed, and in Sect. 5.2 we show how to efficiently compute a key function depending on a given martingale.
Background
Each martingale M in base r induces a measure μ M on the algebra of clopen sets defined by
r . Via Carathéodory's extension theorem this measure can be extended to a Borel measure on Cantor space, and if μ M is atomless (i.e. no point has positive measure), we can also think of it as a Borel measure on [0, 1]. Under this view, μ M is determined by
where for any σ ∈ Σ * r we define
We say that a martingale is atomless if μ M is atomless. Observe that if M has the savings property then it is atomless. Indeed, suppose M has the savings property via c. By Proposition 5, for any σ ∈ Σ n r we have μ M (I r σ ) ≤ r −n · ((r − 1) · c · n + M(∅)) and this goes to 0 as n goes to infinity. Hence μ M is atomless.
In 
It can be shown that if M is atomless then cdf M is nondecreasing and continuous. If f is a nondecreasing function with domain containing [0, 1] ∩ Q and s is a base then mart s f : Σ * s → R is defined as follows:
It can also be shown that mart s f is a martingale in base s. We will use two results of [8] . One is the relationship between the functions cdf and mart: 
(Note that the above expression is Dcdf M (z), the lower derivative at z.) These results yield the following lemma, which, in a slightly different formulation, was used in [8, Theorem 3.7] to prove that computable randomness is base invariant. In Sect. 6 we will use it to show that polynomial time random is base invariant. 
Lemma 11 Let r and s be bases and suppose M is a martingale in base
N(τ ) = mart s cdf M (τ ) = cdf M ( 0.τ s + s −|τ | ) − cdf M ( 0.τ s ) s −|τ | .(9
Computing the Cumulative Distribution Function
We analyze the time complexity of computing cdf M when M is a martingale in base r with the savings property. The value of cdf M (x) is defined for reals x ∈ [0, 1], but for our purposes it suffices to compute cdf M restricted to Rat r . By the definition of
We first show that if M has the savings property then cdf M satisfies an 'almost Lipschitz' condition.
Proposition 12 Let M be a martingale in base r with the savings property. Then there are constants k, > 0 such that for every x, y
Proof We actually show the following. If M has the savings property via c then for 0 ≤ x < y ≤ 1 we have
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Let n ∈ N be the least such that r −n < y − x, and let p be the least rational of the form p = i · r −n such that x ≤ p + r −n . Let q be the minimum between 1 and (i + r + 1) · r −n .
Suppose q = (i + r + 1) · r −n < y. Then y − x > (i + r + 1) · r −n − (i + 1)r −n = r −(n−1) and this contradicts the choice of n. Then y ≤ q, and hence
The last inequality stems from the fact that each term in the sum is of the form r −n · M(σ ) for some σ ∈ Σ n r . Since M has the savings property, by Proposition 5, each such term is at most r −n · ((r − 1)
Since r −(n−1) ≥ y − x, we have n ≤ 1 − log r (y − x), and since r −n ≤ y − x, this yields the required inequality.
Lemma 13 Let M be a t (n)-martingale in base r with the savings property. Then cdf M restricted to rationals in base r is a rational in base r. Also, if 0.σ r (σ ∈ Σ n r ) is a rational in base r, one can compute the r-ary representation of cdf M ( 0.σ r ) in time O(n · t (n)).
Proof If σ ∈ Σ n r then, according to the condition (6) over μ M we have
where + 1) ) using r-ary representation for the output. On the other hand,
It is clear that h(i) is computable in time O(t (i

n−1 i=0 r n−i−1 · h(i) can be computed in time O(n · t (n)). We conclude that cdf M is computable in time O(n · t (n)).
Polynomial Time Randomness is Base Invariant
In this section we show our main result: polynomial time randomness is base invariant. Through a different argument and without the analysis of the time complexity, a preliminary version of this result can be found in [24] .
s is n k+3 -random in base s and X ∈ Σ ω r is such that 0.X r = 0.Y s then X is n k -random in base r. In particular, polynomial time randomness is base invariant.
Proof We will actually show the following stronger result.
Suppose t is a time function such that t (O(n)) = O(t (n)), that is, for every
c > 0 there is d such that t (c · n) ≤ d · t (n) for every n. If Y ∈ Σ ω s is t (n) · n 3 - random in base s and X ∈ Σ ω r is such that 0.X r = 0.Y s , then X is t (n)- random in base r.
This implies the statement of the theorem by letting t (n) = n k . Observe that any function t with t (O(n)) = O(t (n)) is bounded by a polynomial.
If 0.Y r is rational then Y is eventually periodic and hence computable in linear time. Define N : Σ * s → Rat + s as follows:
It can be shown that N satisfies the martingale condition in base s and that N is computable in linear time, so Y is not t (n) · n 3 -random. Hence the statement is trivially true when 0.Y r is rational. Assume, then, that 0.Y s = 0.X r is irrational. For F a martingale in base r and G a martingale in base s, we say that G is an r to s base conversion of F in case the following holds: if F succeeds on X ∈ Σ ω r , and Y ∈ Σ ω s is such that 0.X r = 0.Y s is irrational, then G succeeds on Y . The main lemma is the following.
Lemma 15 Let t be a time function such that t (O(n)) ∈ O(t (n)). For any t (n)-martingale M in base r with the savings property there is a (real-valued) martingale N in base s such that N is an r to s base conversion of M, and N has an n · t (n)-computable approximation.
Assuming the lemma, we proceed by contradiction. Suppose that X is not t (n)-random in base r. Let M be a t (n)-martingale in base r which succeeds on X. Then by Lemma 6 there is an n · t (n)-martingale M in base r with the savings property that succeeds on all the sequences M succeeds on, in particular on X. By Lemmas 15 and 3 there is an n 2 · t (n)-supermartingale in base s which is a base conversion of M, so in particular M succeeds on Y . By Lemma 4. there is an n 3 · t (n)-martingale in base s which succeeds on Y , and then Y is not n 3 · t (n)-random. This establishes the theorem.
Proof of Lemma 15
Without loss of generality, we assume M(∅) ≤ 1. Let X ∈ Σ ω r and Y ∈ Σ ω s be such that z = 0.X r = 0.Y s is irrational. We show that if M succeeds on X then there is a martingale N in base s which succeeds on Y and has an n · t (n)-computable approximation.
Define the real martingale N : Σ * s → R ≥0 , in base s, as in (9):
where p = 0.τ s and q = 0.τ s + s −|τ | . Observe that neither 0.X r nor 0.Y s are rationals in base r or s. By Lemma 11, N succeeds on Y . The rest of the proof is devoted to showing that N has an n · t (n)-computable approximation. To compute the value of N(τ ), we need to calculate cdf M (q) and cdf M (p). By Lemma 13 we know how to efficiently compute cdf M (x), when x is a rational in base r. Since p and q are rationals in base s, we first need to approximate them with rationals p and q in base r that are sufficiently close to p and q respectively. To do this, we use the s to r base conversion functions bc − s,r and bc + s,r introduced in Sect. 4. Then we approximate cdf M (p) with cdf M ( p) and cdf M (q) with cdf M ( q). We will use the 'almost Lipschitz' condition of Proposition 12 to show that these are good approximations. Since N has to be approximated by rationals in base s but cdf M ( p) and cdf M ( q) are rationals in base r, we finally approximate them with rationals in base s using the r to s base conversion functions bc − r,s and bc + r,s . Here are the details of the construction. Let k > 0 be such that r ≤ s k and for every
The existence of k is guaranteed by Proposition 12. Given τ ∈ Σ * s and i ∈ N, define
Step 1 Approximating p with p and q with q. Let τ − ∈ Σ * r and p ∈ Rat r ∩ [0, 1] be defined by τ − = bc − s,r (τ, 2v + 1) and
2 > log z, and then δ −log δ > 2δ > − log , so δ > log δ −log = − log δ. Therefore −δ · log δ < and by the 'almost Lipschitz' condition (10) and the fact that 
The argument for q and q is analogous.
For complexity issues, we next shorten the r-ary representation of D. Let Figure 1 illustrates Steps 1 and 2.
Step 3 Approximating D = cdf M ( q) − cdf M ( p) with rationals in base s. We now approximate D = 0.ρ r ∈ Rat r with a rational in base s. Define This concludes the proof of Lemma 15 and Theorem 14.
Polynomial Time Martingales and Normality
In [22] Schnorr showed that if Z ∈ Σ ω 2 is n 2 -random in base 2 then Z satisfies the law of large numbers. He concluded that n 2 -randomness implies normality in base 2. We adapt in two ways Wang's version [27] of Schnorr's proof that all n 2 -random sequences in base 2 satisfy the law of large numbers. Firstly, we consider any base; secondly, we generalize it to the notion of normality.
Theorem 17
If Z is n · log 2 n-random in base r then Z is normal in base r.
Proof We suppose that Z is not normal in base r and we define an n · log 2 nmartingale L which succeeds on Z. In fact, we show that there is β > 1 such that L(Z n ) > β n for infinitely many n.
Recall the definition of occ σ (τ ) in (1) . Let c ∈ Σ r and α ∈ Σ * r such that α c is a string of minimal length for which it is not the case that lim n→∞ occ α c (Z n )/n = r −|α|−1 . Define
By the choice of α, there is > 0 such that one of the following is true:
Since (14) we have that there are infinitely many n such that
By construction, α c is of minimal length. Thus for almost all n we have
and so there are infinitely many n such that
is a sum of r − 1 terms, one of them must be greater than n · (r −|α|−1 + ). Thus there exists d ∈ Σ r \ {c} such that for infinitely many n we have occ α d (Z n )/n > r −|α|−1 + . Hence without loss of generality we may assume that (13) holds. Let δ be so that δ/(r − 1) ∈ Rat ≥0 r and lim sup
Let p = 1 + δ and
r as follows:
It is clear that for all σ ∈ Σ * r , we have
This shows that L is a martingale in base r.
Fact 19 L is computable in time O(n · log 2 n).
Proof In (16) 
Finally, the multiplication of p
Fact 20 L succeeds on Z.
Proof Since occ α c (σ ) ≤ occ α (σ ) − occ α c (σ ) and log q is negative, from (16) we have
By taking the lim sup we obtain lim sup
where the first equality (second line) comes from the minimality of α c.
It can be shown that for any ∈ (0, 1) and any x ≥ 1 we have
Taking = δ and x = r − 1 we conclude > 0, and this means that there exist infinitely many n such that log
This completes the proof of Theorem 17. By combining Theorem 17 with Lemma 6 we conclude that if Z ∈ Σ ω r is not normal in base r then there is an n 2 · log 2 n-martingale with the savings property which succeeds on Z. We can actually show: 
Let E, G and M be as in the proof of Lemma 6. Using L we can rewrite its definitions: It follows from Hitchcock and Mayordomo [14, Corollary 3.3] that any polynomial time random is absolutely normal. We show that n 4 -randomness suffices:
r is such that no n 3 -supermartingale in base r succeeds on Z. Then z = 0.Z r is absolutely normal. In particular, if Z is n 4 -random in base r then z is absolutely normal.
Work in preparation of Lutz and Mayordomo [17] shows that in fact the result can be improved to n 2 -randomness. Proof Suppose n j < |σ | ≤ n j +1 . Observe that j ≤ log n. By Fact 24, for each i ≤ j ,
. Computing the value of n i in unary (which takes time O(n · log n)) allows us to compute the value of r −2·n i · v with O(n) many shift operations on v. The sum in (17) has j + 1 ≤ 1 + log n many terms, so in total we need
By (17), and Fact 25, if F is a t (n)-supermartingale in base r then there are c, d > 0 such that c + d · F ≤ H . So if Z ∈ Σ ω r is such that lim sup n H (Z n ) < ∞ then no t (n)-supermartingale in base r succeeds on Z. In particular, Z is t (n)-random. One can define Z as the leftmost non-ascending path given by H , i.e., given n define let ζ n be the output Algorithm 3 with input n, and define Z = n [ζ n ].
The complexity of Algorithm 3 on input n is measured in n. By Fact 27 the time needed to compute Z n is O(n 2 · log n · p(h(| log n |) · t (n))).
Corollary 28
There is Z ∈ Σ ω r which is computable in time O(n 5 · log 3 n) such that 0.Z r is absolutely normal.
Proof By Proposition 23, there is Z ∈ Σ ω r which is computable in time O(n 5 · log 3 n) for which no n 3 -supermartingale in base r succeeds on. By Corollary 22, 0.Z r is absolutely normal.
Open Questions
For many of our results it may be possible to improve time bounds. For instance, in Theorem 8 we showed a method for approximating rationals in a given base with rationals in another.
Question 29 Is it possible to compute bc − s,r (σ ) in less than quadratic time?
In Theorem 14 we proved that polynomial time randomness is base invariant. In fact, we showed that n k+3 -randomness in a given base implies n k -randomness in another base.
Question 30
Is it possible to lower the '+3', or even show that n k -randomness is base invariant (for large enough k)?
Any improvement in this direction would be transferred to the complexity of the construction of an n k -random sequence, and, in particular, to the complexity of computing an absolutely normal number.
In Theorem 17 we showed that n · log 2 n-randomness in base r implies normality in base r. As we explained in the proof of this result, one can 'count' the number of occurrences of a block of symbols in a given string in linear time.
Question 31 Does linear-randomness in base r imply the law of large numbers in base r, or even normality in base r?
A sequence (y i ) i∈N For every r the set of reals which are normal in base r has measure 1. Observe that this definition applies to reals in [0, 1], while the definition of normality given in the introduction (the one used along this work) applies to sequences of symbols in Σ r . It is not hard to see that for any integer r > 1, and any X ∈ Σ ω r , 0.X r is normal in base r iff X is normal in base r. Hence a real x is absolutely normal if it is normal in all integer bases >1. Let us say x is rationally normal if it is normal in all rational bases >1.
In the following we discuss the fact that rational normality is stronger than absolute normality, even though it still has measure 1. This is a special case of a result by Brown By our result that polynomial time randomness is base invariant (Theorem 14), it makes sense to talk about polynomial time reals in [0, 1]: a real x ∈ [0, 1] is polynomial time random if whenever x = 0.X r for some integer r > 1, we have that X is polynomial time random in base r.
In Corollary 22 we showed that every polynomial time random real is absolutely normal. An affirmative answer to the following would extend this result.
Question 33 Is every polynomial time random real rationally normal?
